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1. INTRODUCTION

We shall operate in N-dimensional Euclidean space, Ey , N > 2, and use
the following notation:
X = (Xq 5oees Xn)s
(e, y) = X1 y1+ -+ XN N,
[x[2 = (x, x),
Ty={x:—7m<x; <mj=1,.,N}
and
Z = the closure of Z.

We shall say that f is of bounded variation on the N-dimensional torus,
Ty, if

f is a finite-valued function defined in E, which is periodic of
period 27 in each variable, (1.1

and if

there exists a finite constant ¢ such that for every partition of Ty
into a finite union of nonoverlapping intervals {7,}7_; , (1.2)

z ) <.
k=1
By an interval we mean a closed set of the form
I={x:aq<x;,<a+h,j=1,..,N}
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and by f(I) we mean the following:

fd)=f@a+ hyyyay + hy) — flay, a, + by ooy ay + hy)
—fla,+h,a, a3+ hy ) —
—flay 4+ hy,a, + hy ey an_y + An_y s an)
+f(ay,as,a3+ hy,..oay + hy) + -
+ flay + M, as + by gy Gy, ay) + - + (= DY f(ay ..., aAE)l. )

In particular, for N = 2,

) = flay + hy,ay + h) — flay, az -+ hy) — flay + by, a5) + flay, as),
and for N = 3,
fU)=f(a,+ hy,a, -+ hy a5 + hy) — fay, as + hy, az + hs)
—flay +hy, a3, a5+ hy) — flay + by, a5 + hy, a)
+fay,ay,a;+ ) + flay, az + s, a3)
+flay + hy,az,a) — flay, ax, a3).

(For a discussion of bounded variation in the plane, we refer the reader
to [1]. For a discussion of formula (1.3) above, we refer the reader to

[5, p. 79])
Next, we introduce the singular kernel

K(x) = 2VT(N) 72, - xuf| x [2¥ T(NJ2), (1.4)

and, with m designating an integral lattice point, we define the periodic
analog of K to be

K*(x) = K(x) + }el_l)’l;l) Y [K(x + 27m) — K(Q2mm)]

1<|m|<R
for xin Ey — (J {2mm}. (1.5)

We observe that the series in (1.5) is uniformly convergent, both on T
and on every compact subset of D = Ey — U, {27m}. Also, on D, K*(x) is
a periodic function of period 27 in each variable.

For fin LY(Ty) we shall designate the m-th Fourier coefficient of f by f (m).
Thus,

fim) = @m)N f _ fGyenitna dx. (1.6)

Now, K*(x) is not in LY(Ty). Nevertheless, its principal-valued m-th Fourier
coefficient exists and we designate it also by K*(m). So, in particular, with
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B(x, r) representing the N-ball with center x and radius r, we have, from (1.5),
that

K*(m) = lei_I)r(} (zﬂ)’Nf K*(x) e=itm®) dy

Tn—B(0,¢)

= lim lim (27)~"

f K(x) e=tm® dx,
€0 R- B(0,R)~B(0:¢)

and, consequently, from [8, p. 69], that

R¥m) = (=) my - my/lm|V,  for m=#0, (1.7)
and
K*0) = 0.

For fin LY(Ty), we shall designate by S[f] the Fourier series of f, and by
S[f] the “conjugate” series of f (see [4, p. 259] and [8, p. 41]) with respect
to the kernel K*. Thus,

S[f]1 =Y fm) extmm),

- s ‘ (1.8)
S[f1= Y fm) K*(m) e"m.
We shall say that S[f] is spherically convergent at x? if
1132 > f(m) K*(m) eim-= exists and is finite. (1.9)

ImI<R

If this limit exists and is finite, we shall refer to it as the spherical sum of S[f].
In this paper, we intend to establish the following result:

THEOREM. Suppose that f is a finite-valued function on Ey which is periodic
of period 2 in each variable, belongs to LN(Ty), and is of bounded variation
on Ty . Then a necessary and sufficient condition for the spherical convergence
of S[f] at x° is the existence and finiteness of the limit

lim (2m)~~ f F(x0 — x) K*(x) dx (1.10)

Tn—B(0,€)

which represents then the spherical sum of S[f] at x°.

If N=1, it follows from (1.4), (1.5) and [10;(21), p. 73] that
K*(x) = cot x4/2, and from (1.7) and [10, p. 3] that S[f] is the classical
conjugate series of . Consequently, the theorem stated above is precisely the
multi-dimensional analog of the classical theorem due to W. H. Young [9]
as stated in [10, p. 59] and in [2, p. 55].
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2. FUNDAMENTAL LEMMAS
Before proving our first lemma, we need some more notation. In particular,

we set

Hy(x, 1) = Y eimal=imit | m -2 for 10, @1

mz0

and observe, from [7, p. 72}, that

lim Hy(x,1) = Hy(x) isfimtein Ey — () {2mm}. 2.2)
Next, we set
H(x, 1) = (=N Y eitmar-imit |y |-V, for >0, 2.3)
m#0

and observe from (2.1) that
oN"2H(x, 1)/01N-% = Hy(x, t). 2.4
Consequently, we conclude from the Cauchy criterion, (2.2), and (2.4) that
lim H(x,t) = H(x) isfinitein Ey — () {27m)}. 2.5

Also, it follows from the Riesz—Fischer theorem that

H(x) is in L¥Ty),
Hm) = (=D | m |-V for m 0, (2.6)
and
H©O) = 0.
We shall say that p is a measure in M(7y) if (i) p is a countably additive
set function defined on the bounded Borel sets of Ex (i1) p is of finite total
variation on Ty, and (iii) u(B 4 27m) = u(B) for every bounded Borel

set B and every integral lattice point m. The first lemma we prove is the
following:

LemMma 1. Suppose that f is a finite-valued function on Ey which is periodic
of period 27 in each variable, belongs to LXTy), and is of bounded variation
on Ty . Then there is a function g in LX(Ty) and there is a measure p. in M(Ty)
such that the following two properties hold:

g(x) = Qm)™~ J.T H(x — y)du(y) almost everywhere in Ey ; (2.7)
N

Sf1 = Slel. 28)

640/4/2-7
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To prove the lemma, we set for # > 0 and x in Ey ,
fx, 1) =Y fim) eftmor-imiz, .9)

and
P(x, 1) = Z et —jm(t, (2.10)

Now, it follows from the Poisson summation formula [3, pp. 30-32] that

2-Nga-M2P(x, 1) = TN + 121t Y [12 + | 20m + x P]7WH072, (2.11)

and, consequently, that
P(x,t) >0 for t>0 and xin Ey . (2.12)

Next, by V[f, Ty] we designate the total variation of f on Ty , so that, in
particular, V[f, Ty] represents the sup of the sum in (1.2) taken over all
partitions of Ty into a finite union of nonoverlapping intervals.

For an interval I = {x :a; < x; < a; + h;,j = l,..., N} we define f(/, 1)
by the same formula as in (1.3), with f(x) replaced by f(x, t).

We, next, establish the following:

VIfCG, 1), Tyl < VIS, Tyl for t>0. (2.13)
To prove (2.13), observe from (2.9) and (2.10) that

fe0) = @my ™ [ flx—y) P(y,0) dy. (2.14)

Let {[,}?_, be a partition of Ty into a finite union of nonoverlapping
intervals. Then from (2.12) and (2.14) we have

e, 0] < Qmy™ [ 1 £~ y)| POy, ) dy

and, consequently,

S £, < @ryY [V T PO, 1) . 2.15)

Ty

Relation (2.13) then follows from (2.15) and the fact that

@my™ [ P(y,1)dy = 1.
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Next, we observe that f(x,t) is in C*(Ey) for ¢t > 0, and, using the
notation eVf(x, 1)/ox; -+ Oxy = Jamy(%, 1), we consequently have

U, 1) = f Fopeovay (5, 1) dx (2.16)

for every interval I.
From (2.13) and (2.16), we obtain that

n
k=1

for every partition {I,}Y_, of Ty into a nonoverlapping union of intervals.
But, then, it follows immediately from (2.17) that

| fml...zN(x,t)dx(gV(f, Ty for 1>0,  (217)

[ 1 fepeaye,0ldx S V(f, Ty for 10, (2.18)
TN

However, C(Ty) is separable. Consequently, it follows from the notion
of weak* convergence (see [6, pp. 258-9]) that there is a p in M(7y) and a
sequence {1}y , With 7, — 0 as k — oo, such that

lim [ M) foyoray: 1) dx:f (%) du(x) (2.19)

for every function A(x) in C(Ey), periodic of period 2+ in each variable (so

that A e C(Ty).)
Choosing A(x) = e~{™#)/(27)N, we conclude from (2.9) and (2.19) that
film) = ()N my - my f(m), (2.20)

where

fm) = Qo) [ emtmm du(x).
Tn
It follows from Fubini’s theorem and the periodicity of A and p that

j | Hx — y)|d|p| < oo almost everywherein E,, (2.21)
Tn

where | u | represents the total variation measure associated with p. Setting

Z={xekEy: ITN | Hx — y)|d| p|(¥) = oo} and observing that Z is of

Lebesgue measure zero, we define

gx) = @mN [ H(x—p)du(y)  for xinEy—Z,
Ty (2.22)
=0 for xin Z.
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It follows from Fubini’s theorem and (2.6) that g is in LY{7y), and from
(2.6), (2.20), and (2.22) that

&m) = (=¥ fm)ymy - my |m |8 for m#0,
£(0) = 0.

But ¥4, A(m)|?| m|~2¥ < co. Consequently, it follows from (2.20),
(2.23), and the Riesz-Fischer theorem that g is actually in L2(7y). The proof
of the lemma is, therefore, complete, for (2.22) establishes (2.7), and (1.7),
(1.8), and (2.23) give (2.8).

Next, we prove the following

(2.23)

LEMMA 2. Withfand w as in Lemma 1, and f(x, t) = Y. f (m) eim®=imit,
the following facts hold: Set

J(x, t, q) = f:l f:N_l UE( . )fyl...uN(y, t) dy] gy gy dgy e dgy
2N

Then, fort >0and 0 < q, < 1,

a1 IN-1
It gDl S VT [ o [ g0 anday - day . (224)

and
. a1 aN—-1
1}51(} J(x, 1, q1) = f f plB(x, qn)) g2 =~ gy dgs = dgy . (2.25)
0 )

Relation (2.24) follows immediately from (2.18).
To establish (2.25), observe from (2.10) and (2.20) that

Fucug(3> D) = QY [ P(y — 2, 1) dul@).
Ty
For gy such that 0 << gy < 1, define Z'p¢p,q,)(x) to be the characteristic
function of B(0, gy), for x in Ty , and define it throughout the rest of Ey by

the periodicity of period 2 in each variable. Letting A(x, g;) designate the
right side of (2.25), and observing that

[N T
B(fl!,(IN)
= |, Za0a0(y = ) fupen(3, Dy
N
= (277)_N f f '%‘B(o,qN)(y +z— x) P(.V, t) d[L(Z) dy
Iy Y Ty

= @Y | pIBx — y, a5 P(y, 1) dy,
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we conclude that
T0x,1g) = @y [ hGe— y, ) PO 0 dy. (2.26)
N

It is clear that A(x, ¢,) is a continuous periodic function on £y , of period 27
in each variable. We conclude from [7, p. 56] that lim,_, J(x, #, ¢,) = h(x, ¢,),
which establishes (2.25) and completes the proof of the lemma.

The next lemma we prove is the following:

LEMMA 3. Let 0 << ry << ry, << o0 and let ¢(r) be a continuous function on
the closed interval [ry , r,]. Also, let f and w be as in Lemma 1. Then, for x
in Ey , the following identity holds:

f 1y Dfc =)y yn |y PN dy
Blo,ry)—B(0,7y)

— I e —2N, ..
= ()" [ ela) wIBx a4 quds - dg
o 0 (2.27)

To prove the lemma, we let f(x, ¢) be as in Lemma 2. Also, we designate
the (N — 1)-sphere with center 0 and radius » by S(0, r), and we let dS(y)
designate the natural (N — 1)-volume element on S(0, 7). Then, for ¢t > 0,
we have, with J(x, 1, ¢;) as in Lemma 2,

S M IVICES TN

§0,q¢

= [ ey e dSO)

540,a7)

—a| S+ nDn e dy
B(0,0,)

a
= f G 44, f Sl 4y, 1) yo - yy dS(Y)
0 5{0.q9)

— f :1 J':N—l 4 dy UB«),QN) SoranX + 3, 0) dy]d,h e dgy

= ql(x, t, q1). (2.28)

Now, as is well-known, f(y, t)— f(y) in the L'-norm on Ty, as t —> 0.
(This fact follows almost immediately from (2.11) and (2.14).) Consequently,
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from (2.24), (2.25), and (2.28) we obtain that the left side of (2.27) is equal to

lim clyDflx—y, )y yxlyI™Ndy

20 J B(o,r,)—B(0,7)

~tim g g [ =y dSO)] da

s(0,q4)

—tim | el a7 (= 1)" J(x, 1, 1) day

N T2 W01 IN-1 _aN
= (0" [ [ ) ar B )] 1 - d dgy - day
YO0 0

and the proof of the lemma is complete.

A measure p in M(Ty) is said to be continuous at x if u[B(x,r)]—0
asr—0.

Next, we prove the following:

LeMMA 4. Letf, g, and p be as in Lemma 1. Set

fain=@m [ fc— ) KO)dy, 2.29)
and
g(x, 1) = Y. fm) K*(m) eitm-o—Imit, (2.30)
Then
lirrtlﬂosup g, t) —f(x:0) <o  for xinTy, (2.31)
and

lim | g(x, 1) — fx:0] =0 if wiscontinuous at x.  (2.32)

To establish Lemma 4, we first observe from (1.7) that

lim K*(»)dy = 0.
>0 J B0,

Consequently, we can assume from the start that £ (0) = 0. But, then, from
(2.29) and (1.5) we obtain that

foen=@n>|  fx—»KG)dy

Tn~B(0,%)

+lim Y @m [ S~ ) Ky -+ 2mm) dy + o).

-0

1< m|<R
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Also, since

lim [ f somn & TP KD &y

R0

— Y | fe=nKo+2mmd] =0,

1<m|<R* TN

(see [8, p. 45]), we conclude that

fox 1) = lim @my™~ fx = ») K(y) dy + o).

B(0,R)—B(0.1)

213

(2.33)

We note, in particular, that the limit on the right side of (2.33) exists and

is finite for ¢ > 0.
Next, with 8 = (N — 2)/2, we set

AP(r) = TN [ (610, (s) s*1/2VRT ()] ds
[
and observe from [8, pp. 64—67] and (2.30) that
gx, 1) = lim @m=™ | = flc—p) Ay 1) KG) dy.

From [8, p. 64] we have
| ANy 1D < TNy [ 7)Y,

Consequently, it follows from (2.27) in Lemma 3, and (2.36) that

[ Jx =) A3 | ) K ) dy

1 .4 aN-1
S [ [ [T @™ T uIBG, g1 | 670+ g} day -
0ovo 0

t .a aN-1
< t_N R Bx, d "'d N
awt™ [ [ [ B )] | dgy - day
< sup_ | RIBC, ) |

<gy<t

where 7 is a constant depending on N.
We conclude from this last computation that

limsup | [ fx— ) 0y |1 K() dy
B(0,t)

is finite for every x in Ty and is zero in case u is continuous at x.

(2.34)

(2.35)

(2.36)

*dgy

(2.37)
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Next, we observe from [8, Lemma 16] that
JANP(r) — 1| < qp'r 12 for  r>1,

where 7y’ is a constant depending on N,
Consequently, we obtain from (2.27) and (2.38) that, for 3 > ¢,

f,,(o 6)_B(o,t)f(x — WAy 7Y — 1] K(y) dy |

o .a IN-1
< My L f L f , gy plBx, g )l a7y ) day

< My 0<SquNp<6 | ulB(x, gy)] | 11/ ft g3 dg

< 2y sup | u[B(x, ¢l i,

No<ay<s

where 7y is a constant depending on N but not on 8 or ¢.
We observe that, for 6 > 0,

lim [ f(x =) KW [y [M2dy < oo,

R=%J B(0,R)-B(0,8)

Furthermore, from (2.38) we have, for § > ¢,

1 f rorrnoy ] & VAP 1) — 11K( ¥ ) dy

<y | O = y) K |y 7472 dy.

B(0.R)-B(0,8)

We therefore conclude from (2.40) and (2.41) that

lim lim fee = APy 7)) — 11 K(y) dy = 0.

20 R J p(g, R)—B(0.5)

From (2.39) and (2.42), we obtain

lim sup lim
-0

R

[ GO = PAE) 17 = 1K) dy)

is finite for every x in Ty and is zero in case p is continuous at x.

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

The desired conclusions of the lemma follow from (2.33), (2.35), (2.37),

and (2.43).
Finally, we establish the following:
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Remark. Leta, = O( m|~~)as | m|— oo and suppose

A=1lm) aq,e-nt
t»ﬂ% m

exists and is finite. Then Y a,, is spherically convergent to A.

To establish this statement, we set b; = > ;<imi <j+1 @m and observe that
1b; | < Xi<iml<jsr | @n| = 0(j7) = 0(j~!) as j— co. Consequently, the
remark will follow from the Littlewood Tauberian Theorem [10, p. 81] once
we show that

lim [;0 byeit — %ame‘“’”] = 0. (2.44)

We observe that the absolute value of the expression in brackets in (2.44)
is majorized by

Y X lamlledt—emt <[l—ef] Y O e (2.45)
j=1 i< m| <j+1 j=1

Since the right side of the inequality is o(1) as # — 0, (2.44) is established and
the proof of our remark is complete.

3. PROOF OF THE THEOREM

Let u be as in Lemma 1, and let f(x:7) be as in (2.29). Since
lim,o n[B(x%, r)] exists and is finite, it follows from Lemma 3, with ¢(r) = 1
in the closed interval [0, 1], that

lin}ﬁsoup | f(x* :1)] < oo implies that w is continuous at x°.  (3.1)

If S[f] is spherically convergent at the point x° to the finite value «, then
it follows that

lim g, 1) = o, (32

where g(x,t) is defined in (2.30). Thus we obtain from (2.31) that
lim supy.o | f(x° : £)] < o, and, consequently, from (3.1), that wx is con-
tinuous at x° Using (2.32), we get lim,o[g(x% t) — f(x°:¢)] = 0 and,
therefore, from (3.2), lim,,, f (x°, t) = o The necessity of the condition of
the theorem is therefore established.

To prove sufficiency, suppose that

lim f(x°:) = «,  where «is finite. (3.3)
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It follows from (3.1) that u is continuous at x%; consequently, from (2.32)
and (3.3),

lim g%, 1) = o (3.4)

where g(x°, 1) = ... f(m) K*(m) eitme"e=Imit,
From Lemma 1 we obtain that

fm) R¥(m) = (=D gm) | m |, m #0, (3.5)
where fi(m) is defined in (2.20). Consequently, if we set
@y, = f(m) K*(m) eitm=", (3.6)
we have from (3.4), (3.5), and (3.6) that

i —fm|t —
lg%l % e a, 3.7

and from (3.5), (3.6), and (2.20) that
a, = 0(|m|™) as | m|— 0. (3.8)
But then it follows from the Remark, (3.7), and (3.8) that

lim Y a,=a
Row [m|<R

The last relation, in conjunction with (3.6) and (1.8), implies that S[f] is
spherically convergent at the point x° to the value «, establishing the
sufficiency of the condition of the theorem; the proof of the theorem is
complete.
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